Averaged null energy condition in Loop Quantum Cosmology 
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Wormhole and time machine are very interesting objects in general relativity. However, they 
need exotic matters which are impossible in classical level to support them. But if we introduce the 
quantum effects of gravity into the stress-energy tensor, these peculiar objects can be constructed 
self-consistently. Fortunately, loop quantum cosmology (LQC) has the potential to serve as a bridge 
connecting the classical theory and quantum gravity. Therefore it provides a simple way for the 
study of quantum effect in the semiclassical case. As is well known, loop quantum cosmology is 
very successful to deal with the behavior of early universe. In the early stage, if taken the quantum 
effect into consideration, inflation is natural because of the violation of every kinds of local energy 
conditions. Similar to the inflationary universe, the violation of the averaged null energy condition 
is the necessary condition for the traversable wormholes. In this paper, we investigate the averaged 
null energy condition in LQC in the framework of effective Hamiltonian, and find out that LQC do 
violate the averaged null energy condition in the massless scalar field coupled model. 

PACS numbers: 04.60.Pp,98.80.Qc,67.30.ef 



I. INTRODUCTION 

The wormhole and the time machine are attractive ob- 
jects in general relativity and have been ever used as al- 
lurements to attract young students to research general 
relativity [ij. And they are always active research fields 
in general relativity 0] ■ The deducing stress-energy ten- 
sor components of these exotic spacetime through Ein- 
stein's equation must violate all the known pointwise en- 
ergy condition, which is forbidden in classical general rel- 
ativity. In contrast, the energy condition violation can be 
easily met in quantum field because of quantum fluctua- 
tion ^, Jj, For example, the Casimir vacuum for the 
electromagnetic field between two perfectly conducting 
plates has a negative local energy density squeezed 
states of light can entail negative energy densities 0- 
But these quantum effects are always confined to an ex- 
tremely thin band Q. On the other hand, the topolog- 
ical censorship theorem proved by Friedman, Schleich, 
and Witt 3 implies that, the existence of macroscopic 
traversable wormholes requires the violation of the aver- 
aged null energy condition (ANEC). ANEC can be stated 



T^^kf^k^dl > 0, 



(1) 



where the integral is along any complete, achronal null 
geodesic 7 , k^^ denotes the geodesic tangent, and / is an 
afiine parameter. 

If we take the effect of quantum gravity into con- 
sideration, the quantum effect will enter stress-energy 
tensor. Then every kind of energy condition violation 
is easily satisfied with respect to effective stress-energy 
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tensor which is reduced from metric through Einstein's 
equation. Based on semi-classical gravitational analysis, 
mariy self-consistent wormhole solutions have been found 
[lOl . [ill . [H, [H, [ll, [l3| . As a quantum grav itational the- 
ory, loop quantum gravity (LQG)[ll, 113, M [III is a 
non-perturbative and background independent quantiza- 
tion of gravity. The application of the techniques of LQG 
to the cosmological sector is known as loop quantum cos- 
mology (LQC). Some of the main features of LQG such 
as discreteness of spatial geometry are inherited in LQC. 
LQC has the potential to serve as a bridge connecting the 
classical theory and quantum gravity. Therefore it pro- 
vides a simple way for the study of quantum effect in the 
semiclassical case. It exhibits an overwhelming strength 
in solving the fundamental problems of the universe. A 
major success of LQC is that it resolves the problem of 
classical singularities both in an isotropic model 20] and 
in a less symmetric homogeneous model [21] , a result that 
depending crucially on the discreteness of the theory. It 
has been shown that non-perturbative modification of the 
matter Hamiltonian leads to a generic phase of inflation 
[U, m, [26|. Furthermore, in this successful quantum 
gravitational theory, another point worthy of b eing paid 
some attention to is energy condition violation [3ll]. We 
do find kinds of energy condition violation. For exam- 
ple, in loop quantum cosmology non-perturbative mod- 
ification to a scalar matter field at short scales induces 
a violation of the strong energy condition [l^] and re- 
sults in inflation [2^ [2^ . Given so many local energy 
condition violated by loop quantum cosmology and mo- 
tivated by the topological censorship theorem, we inves- 
tigate that whether the averaged null energy condition is 
violated also in LQC. The difference between the ANEC 
and other energy conditions such as strong energy con- 
dition mentioned above is that the ANEC is an integral 
along any complete null-like geodesic, not be confined to 
the neighborhood of a certain point of the space-time. 
For a system without symmetry, it is a very complicated 



2 



issue, making it almost impossible to calculate. But in 
the context of LQC, taking the cosmological principle 
into consideration, it will give us an exact result. The 
cosmological principle states that the Universe appears 
the same in every direction form every point in space. 
This allows us to get a precise result and this result can 
provide a hint for researching the wormholes in LQG and 
testing the validity of LQG. In this paper, we assume that 
all the quantum effect in LQC can be described approx- 
imately by effective loop quantum cosmology. Through 
our calculation, we find that LQC do violate the averaged 
null energy condition in the massless scalar field coupled 
model. 

This paper is organized as follows. First, we briefly re- 
view the framework of effective loop quantum cosmology 
in Sec. IHl and introduce an exactly solvable model con- 
taining a massless scalar field in Sec. IIIII Then in Sec. 
IIVI we investigate the averaged null energy condition in 
this exactly solvable model. At last in Sec. |Vl we give 
some discussion and implication of our results. In this 
paper we adopt c = h = G = 1. 



II. FRAMEWORK OF EFFECTIVE LQC 

In order to deduce the effective stress-energy tensor 
conveniently, let us begin with the classical Hamiltonian 
description of the universe. For simplicity, we only con- 
sider flat universe in this work. Under the assumption 
of the cosmological principle, the metric of spacetime is 
described by FRW metric 



where a is the scale factor of the universe, only depending 
on t due to the homogeneity of our universe. The classical 
Hamiltonian for this system is given by 



Here the energy density p and pressure P of matter are 
defined [2! as 



p = a -'Hm, P = --a — — , 
3 oa 



(5) 



which is consistent with the form of stress-energy tensor 
for ideal fluid 



= Pidt)^idt)^ 

[dx)^ {dx)^ + (dy)^ {dy)^ + (dz)^ {dz)^ 



(6) 



where = (f , 0, 0, 0) is the comoving observer of matter 
field which corresponds to the comoving observer of the 
universe naturally. 

Corres pon dingly, the effective Hamiltonian in LQC is 
given by [H, 113 



^eff - 



y/p sin^ (fic) + Hm {p,(l}) ■ (7) 



The variable fi corresponds to the dimensionless length 
of the edge of the elementary loop and is given by 



-1/2 



(8) 



where ^ is a constant ^ > and depends on the particular 
scheme in the holonomy corrections. In this paper we 
take /l-scheme, which gives 



(9) 



where Ip is Planck length. 

Similarly, the canonical equations and the Hamiltonian 
constraint give out modified Friedmann and Raychaud- 
huri equations 



(2) 



Here we have adopted the variables in the form of loop 
quantum gravity. The phase space is spanned by coor- 
dinates c — 7a, being the gravitational gauge connec- 



tion, and p 



being the densitized triad. Note that 



the Gaussian constraint in loop formalism implies that 
changing p to —p will lead to the same physical results, 
which can be seen obviously from the relationship p = a^. 
In this paper we fix this gauge freedom by p > 0. 7 is 
the Barbero-Immirzi parameter. Hm denotes the Hamil- 
tonian of matter part and (f> means matter field. The dy- 
namical equations together with Hamiltonian constraint 
Hci = which corresponds to Einstein's equations reduce 
to the following Friedmann and Raychaudhuri equations 
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An 



(p + 3P) . 



(3) 
(4) 



H + H^ = -- 



Stt / p 

TP 1 

3 V Pc 



47r 



P 1- 



3P I - 



2p 



(10) 

^21 



-3^ 



Pc 



(11) 



where pc ~ stt-t'^^'^ ^^'^ critical energy density com- 
ing from the quantum effect in loop quantum cosmology. 
These modified equations give us the effective energy den- 
sity and the effective pressure reduced by Einstein's equa- 
tion as 



Peff = P(^l- 
Peff ^ P(l 



P_ 

Pc 

2p 

Pc 



fL 

Pc 



(12) 
(13) 



The introduction of these effective quantities makes the 
reduced stree-energy tensor in the form of the ideal fluid 
again. 
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III. AN EXACTLY SOLVABLE MODEL 

Now following closely [13] , we consider a universe con- 
taining a massless scalar field. Then the Hamiltonian for 
the matter part in equation ([7]) can be written as 



1 pI 



2 p3/2 ' 



where is the conjugate momentum for the scalar field 
(j). The complete equations of motion for the universe 
containing a massless scalar field are 



J d p { Vp 



1(/£C) 



4 n5/2 ■ 



2 VP 
7 M 



(14) 



and 



sin (fic) cos (/ic) . 



^P ^P, 
P<f> = 0) 



(15) 



where k = Stt. In addition, the Hamiltonian constraint 
Hef f — becomes 



r^sin^ (pic) = 



1 



Combining equations (fT4| and ([T6|) we obtain 



(16) 



- ^l■sp 



(17) 



with r^i = £ind = |'«^7^'^^P0. Note that from 

equation (|15p . is a constant which characterizes the 
scalar field in the system. To solve equation (|17p we 
introduce a new dependent variable u in the form 



u = p^. 



(18) 



With use of the variable u the equation (fT7|) becomes 



and has a solution 



fici 9 o 9 9 n 

Sil 4 z 4 



(19) 



(20) 



where Ci is a constant of integration. We can choose 
Ci = through coordinate freedom. Then the solution 
for p is 



-,1/3 



(21) 



IV. THE AVERAGED NULL ENERGY 
CONDITION IN LQC 

Based on the above discussion, we come to calculate 
the averaged null energy condition in the context of LQC. 
Because of the homogeneity of the universe described by 
the FRW metric, the null geodesic curves pass through 
different spacial points are the same. So, to investigate 
the ANEC, we need only consider one of the null geodesic 
lines pass any point in space. Due to the isotropy of FRW 
metric, the null geodesic curves passing through the same 
point in different directions are also the same. Therefore, 
our problem reduces to test along any null geodesic line. 
Specifically, we consider this null geodesic line generated 
by vectors 



dt. 



1 /dj^^ 
a \dx 



According to definition {-§1)^^ p.{-§iY ~ "^^n. repa- 
rameterize it with affine parameter / to get 



1 

a\dt, 



dx 



Then we can get the relation between t and affine param- 
eter I 



t 



For the considered universe containing a massless 
scalar field, the energy density and the pressure of matter 
can be expressed as 



1 -r 



P = 



(22) 



(23) 



according to the definition ([5]). In the context of LQC, 
taking the quantum effects into consideration, the energy 
density and the pressure of matter reduce to the effective 
forms 



Peff = 2 




(24) 



(25) 



Since the stress-energy tensor reduced from the Einstein's 
equations takes ideal fluid form in terms of the effective 
quantities 

T;i^ = Peffidt)^{dt)^ + a'P,ff 



(26) 
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the average null energy condition ([T]) becomes 



(Peff + Peff)dt 




oo Pc 



In the last line we have used equation (fT5|) and the rela- 
tionship between p and a. Substitute the exact solution 
((2T|l in above equation, we get 



r(5/6)r(2/3) ^^^^ 



Tf,!/k^'k''dl 



where T is the gamma function. From above result it is 
obvious that 



T^fJk^'k''dl < 0. 



(28) 



From the above discussion, we can clearly see that, in ad- 
dition to violation of every kind of local energy condition, 
loop quantum cosmology also violates the averaged null 
energy condition. This averaged null energy condition 
violation results from quantum effect completely. 



wormholes in spacetime where the averaged null energy 
condition is satisfied, we investigate this kind of nonlo- 
cal energy condition in the context of LQC. Our analyses 
are based on a flat universe containing a massless scalar 
field. This model can be solved analytically. With the 
help of the analytical solution and taking advantage of 
the homogenous and isotropic symmetry of universe, we 
calculate the average of energy directly. Our result is 
interesting. Although the quantum correction is focused 
on the early universe around Planck scale, the correc- 
tion is so strong that it makes the universe violate the 
null averaged energy condition. Mathematically we have 
written the modified Einstein equations in LQC in origi- 
nal Einstein equations form (refer to Eqs. (|10p - (fTT1) ') but 
with effective stress-energy tensor. This form of equa- 
tions makes the proof of the censorship theorem in Q 
valid also. So the ANEC (for the original stress-energy 
tensor instead of the effective one) argument can not for- 
bid existence of wormhole once the Loop Quantum Grav- 
ity effects are taken into account. But we do not expect 
the existence of wormhole in LQC, because it is too sym- 
metric to support wormholes [32l |. On the other hand, 
LQC adopts the essence of LQG, so our result can shed 
some light on the ANEC of LQG. And we hope this result 
can give some hints for looking for wormhole solutions in 
the LQG theory. These interesting objects will provide 
some gedanken-experiments to test our quantum gravity 
theory. 



V. SUMMARY AND DISCUSSION 

Given many kinds of local energy condition violation 
in loop quantum cosmology and motivated by the topo- 
logical censorship theorem which rules out traversable 
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